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ΛN,t(x) := −N−1 log PψN,t

[
N−1

N∑
i=1

(
Y N,t

i − 〈ϕt ,Oϕt〉
)
> x

]
.

Kirkpatrick-R.-Schlein ’20, R.-Seiringer ’21: There exists, C1,t ,C2,t > 0 s.t.
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I Variance σ2
t agrees with CLTs

I For t > 0 we have Ci,t = eeCt

I For O such that
‖(−∆ + 1)O(−∆ + 1)−1‖op ≤ C
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Idea of the proof

Step 1: Generalization of Cramér’s theorem,
LDE follow from:

Kirkpatrick-R.-Schlein (’21), R.-Seiringer (’22):

eN
(
λ2
2 σ

2
t−Ctλ

3
)
−Cλ ≤ EψN,t

[
eλ
(∑N

i=1
Y N,t

i −N〈ϕt ,Oϕt〉
)]
≤ eN

(
λ2
2 σ

2
t +Ctλ

3
)

+Ctλ

Step 2: Proof of upper and lower bound.
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Idea of Step 2

We study

EψN,t

[
eλ
∑N

i=1
(Y N,t

i −〈ϕt ,Oϕt〉)] = 〈ψN,t , eλNdΓ(Õ)ψN,t〉

Ingredients for the proof:
I Baker-Campbell Hausdorff formulas for non-commuting operators

I Exponential control of fluctuations by Gronwall type estimates
I Control of L(t;0)
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∼〈WN(t; 0)Ω, eλ
√

Nφ+(qt Oϕt )WN(t; 0)Ω〉

∼〈W∞(t; 0)Ω, eλ
√

Nφ+(qt Oϕt )W∞(t; 0)Ω〉

∼〈Ω, eλ
√

Nφ+(L(t;0)qt Oϕt )Ω〉

∼eNλ2‖L(t;0)qt Oϕt‖2
2

Ingredients for the proof:
I Baker-Campbell Hausdorff formulas for non-commuting operators
I Exponential control of fluctuations by Gronwall type estimates
I Control of L(t;0)

44



7. Quantum fluctuations in equilibrium



7. Quantum fluctuations in equilibrium

We consider N bosons on π = [0, 1]3 described by

HN =
N∑

i=1

(−∆i ) + 1
N

∑
1≤i<j≤N

vβN (xi − xj )

with vβN (x) = N3βv(Nβx) and β ∈ [0, 1].

The ground state ψN exhibits Bose-Einstein condensation

Tr
∣∣γ(1)
ψN
− N|ϕ〉〈ϕ|

∣∣ ≤ C , for all N ∈ N,

But: ψN � ϕ⊗N

following from Lieb-Seiringer (2001) for all β ∈ [0, 1]
See: Brennecke, Cenatiempo, Lewin, Nam, Schlein, Serfaty, Solovej,...

Random variables Y N
i : with law

PψN

[
Y N

i ∈ A
]

=
〈
ψN ,1A

(
O(i))ψN

〉
for bounded self.adjoint operator O are identically distributed and correlated.
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7.1 Limit theorems

Law of large numbers: follows from BEC

lim
N→∞

PψN

[∣∣∣∣ 1N N∑
i=1

(
Y N

i − 〈ϕ,Oϕ〉
)∣∣∣∣ > δ

]
= 0

for any δ > 0 and appropriate ϕ ∈ L2(π) for all .

Central limit theorem proven by R.-Schlein (2019)

lim
N→∞

PψN

[
1√
N

N∑
i=1

(
Y N

i − 〈ϕ,Oϕ〉
)
∈ [a, b]

]
= P
[
∈ [a, b]

]

and is the centered Gaussian random variable with variance ‖σ‖2
2 given by

σp = cosh(µp)(q̂Oϕ)(p) sinh(µp)(q̂Oϕ)(p), for all p ∈ (2πZ)3

and with

µp = 1
4 log

(
p2

p2 + 2v̂(p)

)
, for β = 0
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7.2 Large deviations

Characterized by

ΛψN (x) := −N−1 log PψN

[
N−1

N∑
i=1

(
Y N

i − 〈ϕ,Oϕ〉
)
> x

]
.

R ’23: There exists, C1,C2 > 0 such that

lim sup
N→∞

ΛψN (x) ≤ x2

2 + C1x3, lim inf
N→∞

ΛψN (x) ≥ x2

2 − C2x5/2
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7.3 Empirical measures

For any A ⊂ B(R) compare

νN(A) := 1
N

N∑
i=1

δY N
i

(A) and νϕ(A) := 〈ϕ, 1A(O)ϕ〉L2(π) .

using Wasserstein metric W1.

Portinale-R.-Virosztek ’23: Law of large numbers

lim
N→∞

P
[
|W1(νN , νϕ)| > δ

]
= 0.

Note:

I Proof for β = 1
I Gaussian fluctuations around νϕ
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8. Open questions



8. Open questions

I Sanov’s type estimates ?

I Large deviation estimates for β ∈ (0, 1]

I Higher order terms of rate function for all β ∈ [0, 1]

I Large deviation principle?

I Positive Temperatures?

I Thermodynamic limit?

Thanks for your attention.
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